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Quantum quenches in the thermodynamic limit. II. Initial ground gtates
Marcos Rigol
Department of Physics, The Pennsylvania State University, University Park, Pennsylvania 16802, USA
A numerical linked-cluster algorithm was recently introduced to study quantum quenches in the
thermodynamic limit starting from thermal initial states [M. Rigol, Phys. Rev. Lett. 112, 170601
(2014)]. Here, we tailor that algorithm to quenches starting from ground states. In particular, we
study quenches from the ground state of the antiferromagnetic Ising model to the XXZ chain. Our
results for spin correlations are shown to be in excellent agreement with recent analytical calculations
based on the quench action method. We also show that they are different from the correlations in
thermal equilibrium, which confirms the expectation that thermalization does not occur in general
in integrable models even if they cannot be mapped to noninteracting ones.
PACS numbers: 03.75.Kk, 03.75.Hh, 05.30.Jp, 02.30.Ik
Interest in the far-from-equilibrium dynamics of iso-
lated quantum systems is on the rise [1–4]. Among the
questions that are currently being addressed are [1–4]:
(i) How do observables evolve and equilibrate in isolated
systems far from equilibrium? (ii) How can one deter-
mine expectation values of observables after equilibration
(if it occurs)? (iii) Do equilibrated values of observables
admit a statistical mechanics description? (iv) Is the re-
laxation dynamics and description of observables after
relaxation different in integrable and nonintegrable sys-
tems? In this work we address questions (ii)–(iv) in the
context of quantum quenches.
We start with a system characterized by an initial
density matrix ρˆI (which is stationary under an initial
Hamiltonian HˆI) and study the result of its time evo-
lution under unitary dynamics dictated by Hˆ , ρˆ(τ) =
exp[−ıHˆτ/~]ρˆI exp[ıHˆτ/~], where τ denotes time. We
assume that ρˆI is not stationary under Hˆ. As discussed
in numerical [1, 5–12] and analytical [13–19] studies, if
an observable Oˆ equilibrates, its expectation value af-
ter equilibration can be computed as OˆDE = Tr[ρˆDEOˆ].
ρˆDE ≡ limτ ′→∞1/τ ′
∫ τ ′
0
dτ ρˆ(τ) =
∑
αWα|α〉〈α| is the
density matrix in the so-called diagonal ensemble (DE)
[1] and Wα are the diagonal matrix elements of ρˆ
I in the
basis of the eigenstates |α〉 of Hˆ , which are assumed to
be nondegenerate. For initial thermal states, OˆDE can
be computed using numerical linked-cluster expansions
(NLCEs) as discussed in Ref. [20]. Here we show how to
use NLCEs when the initial state is a ground state.
Linked-cluster expansions [21] allow one to compute
expectation values of extensive observables (per lattice
site, O) in translationally invariant lattice systems in the
thermodynamic limit. This is done by summing over the
contributions from all connected clusters c that can be
embedded on the lattice
O =
∑
c
M(c)×WO(c), (1)
where M(c) is the multiplicity of c (number of ways per
site in which c can be embedded on the lattice) and
WO(c) is the weight of a given observable Oˆ in c. WO(c)
is calculated using the inclusion-exclusion principle:
WO(c) = O(c) −
∑
s⊂c
WO(s). (2)
In Eq. (2), the sum runs over all connected sub-clusters
of c and
O(c) = Tr[Oˆ ρˆc]/Tr[ρˆc] (3)
is the expectation value of Oˆ calculated for the finite
cluster c, with the many-body density matrix ρˆc. In
thermal equilibrium, linked-cluster calculations are usu-
ally implemented in the grand-canonical ensemble (GE),
so ρˆc ≡ ρˆGEc = e−(Hˆc−µNˆc)/kBT /Tr[e−(Hˆc−µNˆc)/kBT ]. Hˆc
and Nˆc are the Hamiltonian and the total particle num-
ber operators in cluster c, µ and T are the chemical po-
tential and the temperature, respectively, and kB is the
Boltzmann constant (kB is set to unity in what follows).
Within NLCEs, O(c) in Eq. (3) is calculated using ex-
act diagonalization [22–24] (for a pedagogical introduc-
tion to numerical linked-cluster expansions and their im-
plementation, see Ref. [25]). For various lattice models
of interest in thermal equilibrium, NLCEs typically con-
verge at lower temperatures than high-temperature ex-
pansions [22–24]. In order to use NLCEs to make calcu-
lations in the DE after a quench starting from a thermal
state [20], the system is assumed to be disconnected from
the bath at the time of the quench, at which, in each clus-
ter c, HˆIc → Hˆc. One can then write the density matrix
of the DE in each cluster as
ρˆDEc =
∑
α
W cα|αc〉〈αc|, (4)
where W cα = (
∑
a e
−(Eca−µIN
c
a)/TI |〈αc|ac〉|2)/ZIc , |αc〉 are
the eigenstates of Hˆc, |ac〉 (Eca) are the eigenstates (eigen-
values) of HˆIc , N
c
a is the number of particles in |ac〉, µI ,
TI , and Z
I
c =
∑
a e
−(Eca−µIN
c
a)/TI are the initial chemical
potential, temperature, and partition function, respec-
tively. Using ρˆDEc instead of ρˆ
GE
c in the calculation of
O(c), NLCEs can be used to compute observables in the
DE after a quench in the thermodynamic limit [20].
2For initial Hamiltonians in which correlations are short
ranged at all temperatures, one can, in principle, use NL-
CEs as described to compute OˆDE after a quench start-
ing from the ground state. The idea would be to take TI
to be low enough so that the initial state is essentially
the ground state of the system. For equilibrium proper-
ties, this was shown to work for two-dimensional lattice
systems in Refs. [22, 23]. However, it is much more effi-
cient to implement a NLCE only considering the ground
state. The latter can be calculated, e.g., using the Lanc-
zos algorithm [26], without the need of fully diagonaliz-
ing the Hamiltonian. Furthermore, if one is interested in
quenches from known initial states, then there is no need
to perform any diagonalization at all.
In order to discuss how NLCEs can be implemented
for initial ground states, or potentially any pure state, we
focus on the ground state of the antiferromagnetic (AF)
Ising chain as the initial state, and consider quenches to
the (integrable) XXZ chain [27] with
Hˆ = J
(∑
i
σxi σ
x
i+1 + σ
y
i σ
y
i+1 +∆σ
z
i σ
z
i+1
)
, (5)
where σx, σy, and σz are the Pauli matrices, we set J
(and ~) to unity, and ∆(≥ 1) is the anisotropy parame-
ter. The ground state of the AF Ising chain is degenerate,
| ↑↓↑↓ . . .〉 and | ↓↑↓↑ . . .〉. Their even and odd superposi-
tion, which preserve translational invariance in the ther-
modynamic limit, are the ones that enter in the NLCE.
This follows from the fact that, to diagonalize Eq. (5)
and compute ρˆDEc efficiently, we exploit the parity invari-
ance of Hˆ to work in either the even or the odd sector.
Since [Hˆ, Sˆz] = 0, where Sˆz = (
∑
i σ
z
i )/2, we also diago-
nalize each Sz sector independently. The latter results in
another major advantage of using an NLCE tailored for
the initial ground state. Whereas for finite-temperature
NLCEs all Sz sectors need to be diagonalized, for ground-
state NLCEs only the Sz sector (or sectors) that contains
the initial state need to be diagonalized.
For the XXZ model, which only has nearest-neighbor
interactions, there is one cluster (with l contiguous sites)
in the lth order of the NLCE. For that cluster, ρˆDEc
[Eq. (4)] only needs to be computed in the following two
sectors: (i) if l is even, the ground states of the AF Ising
chain are in the Sz = 0 sector, so only that sector needs
to be considered. Within the Sz = 0 sector, one has to
consider both the even (e) parity sector, for whichW c,eα =
|〈αec|aec〉|2 with |aec〉 = (| . . . ↑↓↑↓ . . .〉+| . . . ↓↑↓↑ . . .〉)/
√
2,
and the odd (o) parity sector, for whichW c,oα = |〈αoc |aoc〉|2
with |aoc〉 = (| . . . ↑↓↑↓ . . .〉 − | . . . ↓↑↓↑ . . .〉)/
√
2. Note
that |aec〉 (|aoc〉) is the even (odd) parity ground state of
the AF Ising chain, while |αec〉 (|αoc〉) are the even (odd)
parity eigenstates of the XXZ Hamiltonian. (ii) If l is
odd, the ground states of the AF Ising chain are in the
Sz = 1/2 and Sz = −1/2 sectors. In each of those sec-
tors, one only needs to consider the one with even parity.
For Sz = 1/2, one needs to calculate W c,eα = |〈αec|aec〉|2,
with |aec〉 = | . . . ↑↓↑↓↑ . . .〉 being one of the ground
states of the AF Ising chain when l is odd, and, for
Sz = −1/2, one needs to calculate W c,eα = |〈αec|aec〉|2
with |aec〉 = | . . . ↓↑↓↑↓ . . .〉 being the other ground state
of the AF Ising chain when l is odd. |αec〉 are the even
parity eigenstates of the XXZ Hamiltonian in the corre-
sponding Sz sector. Our calculations are further simpli-
fied by the fact that the |aec〉’s and |αec〉’s for Sz = 1/2 and
Sz = −1/2 are trivially related by a ↑⇄ ↓ transforma-
tion. The procedure we have discussed can be straight-
forwardly extended to consider ground states of other
Hamiltonians or other specific pure states.
As in Ref. [20], here we perform a NLCE for observ-
ables in the DE considering clusters with up to 18 sites.
For 18 sites, the sector with Sz = 0 (the largest one)
has 48620 states. Using parity, it is split into the even
and odd sectors that have each 24310 states. Those are
the largest ones in which the XXZ Hamiltonian needs to
be diagonalized. Since, (i) we do not need to diagonalize
the initial Hamiltonian to obtain the ground state (which
we know), (ii) we only need to diagonalize the sectors of
the final Hamiltonian discussed previously, and (iii) the
calculation of W cα is computationally trivial, our compu-
tation times are greatly reduced from those in Ref. [20].
In what follows, we denote as Oensl (the superscript “ens”
stands for the ensemble used) the result obtained for an
observable O when adding the contribution of all clusters
with up to l sites.
In Fig. 1, we show results for nearest [(a)–(d)] and
next-nearest [(e)–(h)] neighbor σzσz correlations as ob-
tained using NLCEs for the DE. Results are reported for
quenches with different values of ∆ and for l between 10
and 18. For ∆ = 1, 〈σz1σz2〉DEl [Fig. 1(a)] oscillates for
even and odd values of l, but the amplitude of the oscil-
lation decreases with increasing l. This suggests that, for
larger clusters than the ones considered here, the series
converges. With increasing ∆, Figs. 1(b)–1(d), one can
see that the amplitudes of the oscillations of 〈σz1σz2〉DEl
decrease, and (within the scale of the plots) the results
appear converged. The results for 〈σz1σz3〉DEl [Figs. 1(e)–
1(h)] are qualitatively similar to those for 〈σz1σz2〉DEl , ex-
cept that convergence does not appear to be achieved (os-
cillations are visible) for the values of ∆ reported. As ex-
pected, with increasing nonlocality larger clusters are re-
quired to achieve convergence. However, as for 〈σz1σz2〉DEl ,
the ratio between the amplitude of the oscillations of
〈σz1σz3〉DEl and its mean value generally decreases as ∆
increases. Hence, the convergence of the NLCE calcula-
tions improves as ∆ increases. This results from the fact
that the ground state of the final (gapped) Hamiltonian
approaches the initial (trivial) state.
The results for 〈σz1σz2〉DEl and 〈σz1σz3〉DEl in Fig. 1 ex-
emplify the possible outcomes of a NLCE. In some in-
stances, results for an observable converge to a desired
accuracy within the cluster sizes accessible in the calcu-
lations [e.g., Figs. 1(b)–1(d)] and in others they do not
[e.g., Figs. 1(a), 1(e)–1(h)]. In the former case, the re-
sults of the bare NLCE sums are all one needs. This
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FIG. 1. (Color online) Nearest [(a)–(d)] and next-nearest [(e)–(h)] neighbor σzσz correlations for quenches with ∆ = 1 [(a),(e)],
∆ = 4 [(b),(f)], ∆ = 7 [(c),(g)], and ∆ = 10 [(d),(h)]. We show results for the last nine orders of the NLCE for the diagonal
ensemble (DE) and for the grand-canonical ensemble (GE). Lines joining the symbols are provided to guide the eye. For all
∆’s, the GE results are essentially converged for all orders shown here. The horizontal continuous lines are the results from
the quantum action method (QA) [28, 29], and the horizontal dashed lines are the NLCE results after resummations (see text)
using Wynn’s algorithm (Resum). The results of the resummations, and of the NLCE bare sums when converged, are virtually
indistinguishable from those of the quantum action method. The GE results, on the other hand, are clearly different except
for 〈σz1σ
z
2〉 when ∆ = 1 (see text).
was the case in Ref. [20] for the initial temperatures se-
lected in the quenches studied. On the other hand, if
the bare NLCE sums do not converge to a desired accu-
racy, one can use resummation techniques to accelerate
convergence and improve accuracy. Useful resummation
techniques that have been implemented in the context of
NLCEs can be found in Ref. [23]. Two of them, Wynn’s
and Brezinski’s algorithms, provide particularly accurate
results for our series. In a “cycle” of these algorithms, a
series for an observable (ODEl , with l = 1, . . . , 18 in our
case) is transformed into a different series with fewer el-
ements. Each cycle is expected to improve convergence,
with the last element converging to the thermodynamic
limit result, but can also lead to numerical instabilities.
We find that, after one cycle, the last elements provided
by both algorithms are very similar to each other and rep-
resentative of the outcome of the resummations (except
for 〈σz1σz2〉 when ∆ = 1 for which 5 cycles are required).
In Fig. 1, we report Wynn’s algorithm results for the
correlation functions (horizontal dashed lines).
In order to gauge the accuracy of the NLCE bare sums
and resummations, we compare our results to recent ana-
lytic ones for 〈σz1σz2〉 [28] and 〈σz1σz3〉 [29] obtained within
the quench action method [30, 31]. The latter are de-
picted in Fig. 1 as continuous horizontal lines. Within
the scales in the plots, the NLCE results after resum-
mations are virtually indistinguishable from the quench
action results. The same is true when the NLCE bare
sums appear converged, for which the results are indis-
tinguishable from the resummed and the quench action
ones.
After a quench in integrable systems, such as theXXZ
chain [27] studied here, observables are expected to re-
lax to the predictions of a generalized Gibbs ensem-
ble (GGE) [32], which maximizes the entropy [33, 34]
given the constraints imposed by the conserved quan-
tities that make the system integrable. This has been
shown to occur in numerical and analytical studies of
integrable models that are mappable to noninteracting
ones [7, 30, 32, 35–48], where the conserved quantities
have been taken to be either the occupation of the single-
particle eigenstates of the noninteracting model or local
quantities. In Refs. [28, 29], it was shown that the results
from the quantum action method (expected to predict
the outcome of the relaxation dynamics) and from the
GGE based on known local conserved quantities are dif-
ferent for quenches in the XXZ chain. This has opened
a debate as to which other conserved quantities, if any,
should be included in the GGE so that it can describe
observables after relaxation [49–54].
For the quenches studied here, the differences between
the quantum action method and the GGE are so small
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differences are seen to go to zero as ∆ → 1 and ∆ → ∞ and
peak for ∆ ≈ 2.0. (Inset) Effective temperature of the GE vs
∆.
that, except for 〈σz1σz3〉 close to the Heisenberg point
[28], they cannot be resolved within our NLCEs. For
example, (i) for ∆ = 7 we obtain from NLCE after
resummations that 〈σz1σz2〉NLCE = −0.96060 while the
quantum action predicts 〈σz1σz2〉QA = −0.960601 and
the GGE predicts 〈σz1σz2〉GGE = −0.960597; and (ii) for
∆ = 10 we obtain from NLCE after resummations that
〈σz1σz2〉NLCE = −0.980344 while the quantum action pre-
dicts 〈σz1σz2〉QA = −0.9803452 and the GGE predicts
〈σz1σz2〉GGE = −0.9803447.
An important question for experiments is whether the
differences between the results after equilibration follow-
ing a quantum quench in an integrable system and the
GE results are large enough that they can be resolved.
This would allow experimentalists to prove that stan-
dard statistical mechanics ensembles are unable to de-
scribe observables in interacting integrable systems af-
ter relaxation. In order to address this question, we
also compute the GE predictions for nearest- and next-
nearest-neighbor σzσz correlations, which we denote as
〈σz1σz2〉GE and 〈σz1σz3〉GE, respectively. We impose that
the GE must have the same mean energy (EGE) and
expectation value of Sˆz (〈Sˆz〉GE), per site, as the state
after the quench. Given that the XXZ Hamiltonian is
unchanged under a transformation ↑⇄ ↓, a final chemi-
cal potential µ = 0 ensures that 〈Sˆz〉GE = 0 as in our
initial state. Hence, given the energy per site after the
quench (EDE), all we need is to find the temperature T at
which EGE = EDE. We compute T by requiring that the
normalized [as in Eq. (6)] energy difference between EDE18
and EGE18 is smaller than 10
−11. We should stress that,
in all our calculations, EDE18 and E
GE
18 are fully converged
within machine precision.
In the inset in Fig. 2, we plot T versus ∆. That plot
shows that T decreases as ∆ departs from 1, reaches a
minimum near ∆ ≈ 3, and then increases almost linearly
with ∆ for large values of ∆. The latter behavior is
the result of the increase of the ground-state gap with
increasing ∆, and the fact that the initial state is not an
eigenstate of Hamiltonian Eq. (5) for any finite value of
∆. This behavior is qualitatively similar to the one seen
in quenches in the Bose-Hubbard model when the initial
state is a Fock state with one particle per site [12].
Results for 〈σz1σz2〉GE and 〈σz1σz3〉GE versus l are plot-
ted in Fig. 1. In all cases one can see that, for the
values of l reported, the NLCE results for the GE are
converged within the scale of the plots. Furthermore,
they are clearly different from the results after the quench
in all cases but for 〈σz1σz2〉 and ∆ = 1. At the Heisen-
berg point, the SU(2) symmetry of the model results in
〈σz1σz2〉QA = 〈σz1σz2〉GGE = 〈σz1σz2〉GE.
In order to quantify the differences between the results
after relaxation following the quench and the GE predic-
tions, we compute the normalized differences
δGEσz
i
σz
j
=
|〈σzi σzj 〉GE − 〈σzi σzj 〉QA|
|〈σzi σzj 〉QA|
. (6)
δGEσz
1
σz
2
is plotted in the main panel of Fig. 2 versus ∆.
This quantity first increases as ∆ departs from 1, reaches
a maximum around ∆ = 2.0 and then decreases. This is
qualitatively similar to the behavior reported in Ref. [28]
for the differences between 〈σz1σz2〉GGE and 〈σz1σz2〉QA.
There is an important quantitative difference though,
δGEσz
1
σz
2
is much larger. δGEσz
1
σz
3
exhibits a qualitatively sim-
ilar behavior to δGEσz
1
σz
2
except that, for ∆ & 1, it first
sharply decreases (from δGEσz
1
σz
3
= 0.32 for ∆ = 1) before
increasing as δGEσz
1
σz
2
does for ∆ & 1. We note that, for all
values of ∆ > 1, the “memory” of the initial state (due to
integrability) leads to |〈σz1σz2,3〉QA| > |〈σz1σz2,3〉GE|. The
large values attained by δGEσz
1
σz
2
and δGEσz
1
σz
3
make them po-
tentially accessible to experimental verification.
In summary, we have shown that NLCEs for the DE,
recently introduced in Ref. [20], can be used to study
quenches starting from ground states or other engineered
initial states of interest. Here we have studied the par-
ticular case of quenches in the (integrable) XXZ chain
starting from the ground state of the AF Ising chain. Our
bare NLCE sums (when converged), and the results after
resummations, were shown to be in excellent agreement
with analytic results in the thermodynamic limit. Fur-
thermore, we have shown that the differences between
the outcome of the relaxation dynamics for 〈σz1σz2〉 and
〈σz1σz3〉 in such quenches and the thermal predictions are
large enough that they could potentially be resolved in
experiments.
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